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The following is proved: (1) There exists an infinite binary sequence having 
no triple repetitions, and having no repetitions of length 4 or greater. (2) Binary 
sequences having no triple repetitions and having no repetitions of length 3 or 
greater are finite. (3) Infinite binary sequences that have no identical over- 
lapping blocks, have arbitrarily long identical adjacent blocks. 
1. INTRODUCTION 
Let S be a finite set, the set of symbols, and let X be the set of all infinite 
sequences x = x1x2 ... with xi ES. If S = (0, I> we speak of finite 
binary sequences. A block B over S of length n (notation: 1 3 1 = IZ), is 
a finite sequence B = b,b, ... b, with bi ES. All blocks are assumed to be 
nonempty, unless stated otherwise. A block B of length II occurs (is 
contained) in a sequence x at place k if xRxlcfl ... x~++~ = B. If, more 
particularly, k = 1 we say x starts with B. The same terminology applies 
to blocks occurring in blocks. Let block A with length m occur at placej, 
and block B at place k 3 j. If k = j + m, A and B are called adjacent. 
Ifk <j+ yfz, we say that A and B overlap. 
The following three nonperiodicity properties of infinite (or finite) 
sequences x over S have been investigated in several papers. 
(2) No adjacent identical blocks occur in x. 
(2-t) Identical blocks do not overlap in x. 
(3) No three adjacent identical blocks occur in x. 
Occasionally (2) will be rephrased as: repetitions do not occur in x, or 
x is free from repetitions, and (3) will be reformulated similarly. Note that 
each property implies the next. The first examples of infinite sequences 
on three symbols having property (2) ( nonrepetitive sequences): and 
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infinite binary sequences having property (3) and even (2+), have been 
given by Thue [5, 61. 
As is easy to see, any binary sequence of length at least 4 cannot have 
property (2) since repetitions unavoidably appear. Let us call an infinite 
sequence progressively repetitive, if it contains arbitrarily long repetitions 
(that is arbitrarily long adjacent identical blocks). In [l] it is proved that 
not all infinite binary sequences are progressively repetitive, and it is 
conjectured that for infinite binary sequences property (3) implies 
progressive repetitiveness. In Section 2 this conjecture is shown to be false 
by means of a counterexample. In Section 3 we show that for infinite 
binary sequences (the stronger) property (2+) implies progressive 
repetitiveness. 
2. INFINITE BINARY SEQUENCES THAT ARE FREEFROM TRIPLE REPETITIONS 
NEED NOT BE PROGRESSIVELY REPETITIVE 
An important tool in studying sequences with the properties listed in the 
the introduction is substitution. Let S and S’ be two sets of symbols. 
A wlbstitzction 8 is a mapping from S into the collection of all blocks 
over S’. We a~$y 8 to the collection of all blocks (and sequences) over S, 
by setting B(B) := B(b,) B(b,) ... B(b,) for B = b,b, ... b, a block over S, 
and B(X) := 0(x,) 0(x,) ... for x = xlxz *.. a sequence over S. The mirror 
image of a block or sequence over (0, I} is the image of this block or 
sequence under application of the substitution 0 defined by 19(o) = 1 and 
8(l) = 0. 
THEOREM 1. There exists un injinite binary sequence free from triple 
repetitions and free from repetitions of length 4 or greater. 
Proof. Take any infinite nonrepetitive sequence 4 on three symbols 
n, b, and c. Apply the following substitution d to g. 
&a) := 00110101100101 
B(b) := 001101100101101001 
B(c) := 001101101001011001. 
(1) 
This gives a binary sequence x = xlxz ... with the properties stated in the 
theorem, as will be shown below in Steps 1 through 7. 
Any of the three blocks W, : = O(a), W, :== B(b), and WC := O(c), 
of lengths 14, 18, and 18, respectively, will be called a word. The following 
two properties are essential to the proof. Easily checked in (1) is 
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PROPERTY 1. If W = HT is a decomposition of a word into two 
blocks, then at least one of the blocks H and T determines W, i.e., all 
other words do not start with H or all other words do not end with T. 
Note that each of the three words starts with 0011 and that this block 
does not occur at any other place in the sequence x. As a consequence 
of this and of Property 1 we have 
PROPERTY 2. If a block B in x contains at least one block 0011, then 
there is a unique decomposition B = TW, W, *.. W,H where WI, 
W 2 ,..., W, are words, H and Tare no words, and some but not all of the 
blocks T, W,W, a** W, , H may be empty. 
Step 1. Repetitions BB do not occur in x, if B consists entirely of 
words. 
Proof of Step 1. Let B = W, ... W, with words Wi , and set 
Wi =: d(a,), ai ~(a, b, c}. If BB = W, ... W, WI *.a W, occurs in x, it 
follows from the construction of x and Property 2 that a, ... anal ... a, 
occurs in 4. This contradicts the nonrepetitiveness of 4. 
Step 2. Repetitions BB do not occur in x, if / B 1 3 8 and BB = 
YB’XYB’X, where X and Y are nonempty blocks such that XY = 0011. 
Proof of Step 2. In order to ease verification of some assertions, we 
shall sometimes write 1 for 11 and 0 for 00. Note that x and the three 
words are uniquely determined over the new set of symbols. For the 
three words we obtain 
w,=0101010101 
w,=010101010101 (2) 
w,=010101010101. 
There are three possible choices for the blocks X and Y. 
Case 1. X = 0, Y = 011. Suppose BB = 01 WOO1 1B’O occurs in x. 
Since OBB = 0011B’0011B’O does not occur in x (by Step l), 1BB = 
1011B’OOllB’O occurs in x. In the bold face code 0 1 B’ 0 1 B’ occurs in x. 
But then (check by means of (2) that 0 1 is always followed by 0) 
0 10 B” 0 10 B” occurs in x, where B’ =: OB”. Now 0 10 (see (2)) is 
always followed by 1 0. Hence, 
0 10 1 0 B”’ 0 10 1 0 B”’ 
occurs in x, with B” =: 1 0 B”. This is in contradiction with the fact that 
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(see (2)) 0 10 1 0 does not occur in x. (Note that this line of argument is 
valid as long as j B’ 1 > 4 e 1 B I 3 8). 
Case 2. X = 00, Y = Il. Suppose BB = llB’001 IB’OO occurs in X. 
Now 11 is always preceded by 0, so OllB’OOllB’O occurs in X, which 
repetition was already considered in Case 1. 
Case 3. X = 001, Y = 1. Suppose BB = IB’OOllB’001 occurs in x. 
As in Case 1 (with aid of Property 1) we infer that BBO = IB’OOI IF0010 
occurs in x$ so B’ 0 1 B’ 0 1 does. Since 0 1 is always preceded by I in x 
(see (2)), this means B” 1 0 1 B” 1 0 1 occurs in x, with B’ =: B”1. Since 
1 0 1 is always preceded by 1 0 (see (2)) it follows that 
B”’ 1 0 1 0 1 B”’ 1 0 1 0 1 
occurs in x, with B” =: B”’ 10. This is impossible since 1 0 1 0 1 does not 
occur in x, as is easily checked in (2). 
Step 3. Repetitions BB do not occur in x, if B contains the block 0011. 
Proof of Step 3. With the decomposition of Property 2 we have 
BB = TW, .*. W,,HTW, ... W,H. 
Step I excludes that HTis empty, so HTis a word or two adjacent words. 
By Step 2 we may reject the latter, i.e., HT =: W, is a word. By Step 1 
we may assume that neither H nor T is empty. Then, by Property 1, x 
contains at least one of the blocks 
wll WI ... wnlu,w~ ... w, , WI ..' W,W,Wl ... w,w, 
which contradicts Step 1. 
Step 4. Repetitions BB do not occur in x, if ; B ; >, 11. 
Proof of Step 4. Tf 1 B ) 2 1 I, and BB occurs in s, then 0011 must 
occur in BB. (Note that 2 x I1 = maximal word length + I 0011 I). 
By Step 3,OOll cannot occur inside B, and the other possibility is excluded 
by Step 2. 
Step 5. Repetitions BB do not occur in X, if 8 < 1 B ! ,< 10. 
Pvoof ofStep 5. By Steps 2 and 3 we may assume that the block 0011 
does not occur in BB. This results in a very limited choice of places for BB 
to occur in x. If, for example, 1 B ~ = 10, it would follow that OBB = 
W,OOl or OBB = W,OOl, but this is clearly impossible (check in (I)). The 
impossibility of the cases / B / = 9 and j B ! = 8 can be verified by means 
of (1) without much effort. 
582a/d3-3 
296 F. M. DEKKING 
Step 6. Repetitions BB do not occur in x, if 4 < 1 B / < 7. 
Proof of Step 6. Since 1 BB 1 < 14, the repetition BB has to occur in 
W, W, , W, W, , W, W, , W, W, , W, W, or W, W, . That this is impossible 
is just a matter of mechanical verification. 
Step 7. Triple repetitions do not occur in x. 
Proof of Step 7. By the preceding steps this is trivially true if the length 
of a triply repeating block is 4 or greater. It is left to the reader to check 
that 000, 111,010101, 101010 and triple repetitions of length 3 do not occur 
in x. b 
Remark. The essential parts of the proof of Theorem 1 are Steps 1 
and 3. That the proof is rather extensive is caused by the length of the 
three words, and the length of the block 0011. It does not seem possible 
to reduce these lengths, if one requires existence of Property 1 and 2. 
In [l] an infinite binary sequence is constructed, which is free from 
repetitions of length 3 or greater. The authors note that quintuply repeated 
adjacent blocks (namely, the block 1) occur in this sequence. They wonder 
whether this is necessary. It is not hard to prove (using the methods of 
the proof of Theorem l), that the sequence generated by a non-repetitive 
sequence over {a, 6, c>, and the substitution a --f 00101, b + 001101011, 
c ---f 00111010111 is, like the sequence mentioned above, free from 
repetitions of length 3 or greater and, moreover, free from triple repetitions 
except for the triply repeated block 1. The next theorem shows that one 
cannot do better: If one requires a sequence to be free from repetitions of 
length 3 or greater, triple repetitions are due to occur. It also demonstrates 
that Theorem 1 cannot be improved. 
THEOREM 2. Binary sequences that are free from triple repetitions, ad 
contain 310 repetitions of length 3 or greater, arejnite. 
Proof. Let .X be any sequence satisfying the properties stated in the 
theorem. Since 010101 cannot appear in a solution of length greater than 5 
we may assume (mirroring if necessary) that 00 occurs in x, and therefore 
(discarding at most four symbols) that x starts with 00. Then x starts 
with 001, since 000 does not occur. We shall consider the two possibilities 
for the fourth symbol in Case 0 and Case 1. 
Case 0. Suppose x = OOlO... . Then x has to start with 001010 or 
001011. 
Case 010. Suppose .X = OOlOlO... . Below we display the uniquely 
determined first 20 symbols of such x. The second line indicates why an 
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alternative is not allowed. A t indicates whether 000 or 111 will occur, 
a T stands for imminent appearance of a triple repetition of length 2, 
and a digit n indicates occurrence of repetitions of length II. Tn the last 
case an exclamation mark indicates that this repetition is due to appear at 
the next extension. 
00101001101011001010 
Tt 3 t4!36!Tt 3 t4!36! 
Now note that the last six symbols form the block 001010 which is also the 
starting-block. It follows that if we continue the extension, a repetition 
of the first 14 symbols of x is due to appear. Consequently, x is finite. 
Case 011. Suppose x = 001011... . The first 12 symbols of .Y are 
uniquely determined: 
001011001010 
t 3 t 4! 3 6! 
The last six symbols are again equal to 001010, the starting block in 
Case 010. Since we proved there that all extensions of this block are finite, 
the same is true in this case. So we are left with 
Case 1. Suppose x = 0011 *.*. Then x has to start with 001101 or 
001100. 
Case 101. Suppose x = 001101 .... Since 1101 is the mirror image of 
0010, it follows from Case 0 that such x are finite. 
Case 100. Suppose x = 001100 .... Then x = 00110010 ... and 
appearance of 0010 implies finiteness of x. 1 
3. ALL INFINITE BINARY SEQUENCES THAT CONTAIN No OVERLAPPING 
IDENTICAL BLOCKS ARE PROGRESSIVELY REPETITIVE 
For this section we need some more terminology. We consider infinite 
binary sequences as points in the space X = (0, 13”‘. Let d be the metric 
on X defined by d(x, x) = 0 and d(x, v) = l/min{k: xlc # JJ~J if x # y, 
x, y E X. This metric generates the topology of componentwise conver- 
gence. The shift T: X--f X is defined by (TX), = xlctl (k = 1, 2,...) for 
any sequence x = x1x2 ... in X. The orbit of a point x of X is the set 
{x, TX, T2x,...}, and its closure is called the closed orbit of x. In Lemma 1 
we give an example of a nonperiodic sequence that is progressively 
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repetitive. Let 0 be the substitution defined by t?(O) = 01, e(l) = 10. The 
Morse sequence z = z1z2 ‘. . ([4]) is defined by applying 9 repeatedly to 
the block 0: 
ZIZa ‘.. z‘y; := eye) k = 1, 2,... . 
(This definition makes sense because the b!ock &+l(O) starts with the 
block &(O)). 
LEMMA 1. The Mouse sequence is progressirely vepetitiue. 
Proof. Let 0 be the substitution generating the Morse sequence. Since 
@(O) = 0110 contains the repetition 11, es(O) = 01101001 will contain the 
repetition 8(l) B(1) = 1010. Thus, for any integer k larger than 1, the 
block F(O)-and therefore the Morse sequence-will contain a repetition 
of length 27C-2 (namely, the block @-“(I ) !P2( 1)). i 
We shall now investigate inheritance of progressive repetiveness of a 
sequence to its orbit, and its closed orbit. 
LEMMA 2. If u sequence is progressively repetitive, then every point in 
its orbit is, but not necessarily ellery point ef‘its closed orbit. 
PYOOJ: Let x be a progressively repetitive sequence, i.e., there exists 
a sequence of blocks (Bn)czl such, that B,B, occurs in x for every II and 
1 B, / ---f co as n + co. To prove the progressive repetitiveness of all 
points in the orbit of X, it is sufficient to prove this property for TX. 
Suppose that TX is not progressively repetitive. Then only a finite number 
of B,B, occur at a place further than 1. So we may assume that all B,B, 
occur at place 1 in X. Since B, -F co as n + co we may further assume 
that / B,,, I > 2 B, : for n = 1, 2 ,..., so every B,,r starts with the block 
B,B, . Therefore B,B, occurs also at place I Bnel / + 1 in X, for every 12. 
This contradicts the assumption about TX. 
The foIlowing example proves the assertion concerning the closed orbit. 
Let s be a sequence that is not progressively repetitive. (Take, for example, 
the sequence x in Theorem 1). Set B,, := slsg ... sk and t := B,B,B,B, ... 
B,; B,; . . ‘. Then t is progressively repetitive, and s is in the closed orbit of t, 
since s = lim,,, T7r(ii+1)(t). 81 
Lemma 2 shows that we need something extra in order to prove the next 
lemma. A sequence x is called ahnost periodic if for any block B occurring 
in x, we can find a natural number L such, that B is contained in 
--m+1%?+2 ... x,+~ for any natural m. It follows directly from its definition 
that the Morse sequence is almost periodic [2, p. 1061. 
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LEMMA 3. Every sequence in the closed orbit of the Morse sequence is 
progressively repetitive. 
Proof. Let y = Em,,= PQ.Z be an arbitrary point of the closed orbit of 
the Morse sequence Z. By Lemma 1 there exists a sequence of blocks 
(Bn),“,l such that B,B, occurs in z for every n, and such that 1 B, 1 + CO 
asn- co. 
To prove progressive repetitiveness of y we show that B,B, occurs in y 
for n = 1, 2;... . Let n be fixed. Since z is almost periodic, we can find a 
natural number L such that B,B, occurs in z~+~z~~+~ ..a zmtL for every 
natural m. For j large enough y1 yZ a.. y, = zPj+l~kj+B ... zkj+L , so B,B, 
occurs in y. 
THEOREM 3. All injinite binary sequences that contain no overlapping 
identical blocks are progressively repetitive. 
Proof. The theorem follows directly by combining Lemma 3 with the 
next theorem. fl 
THEOREM 4. Every infinite binary sequence that contains no overlapping 
identical blocks, is a point of the closed orbit of the Morse sequence. 
Proof. This theorem is proved in [3]. It also follows directly from 
[6, Satz 10, p. 191. 
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